ON THE EVALUATION OF INDEFINITE INTEGRALS INVOLVING THE
As indicated at the end of the paper immediately preceding this one in this issue1, the procedure developed there for the evaluation of indefinite integrals will be extended here by permitting a more flexible choice of the functions and y0 and by making use of the recurrence relations satisfied by these functions to derive recurrence relations for integrals, from which these integrals may then be evaluated.
II. Associated Legendre functions. Let us choose Yt = P"yi(x), a solution of Legendre's equation: Using the recurrence relation
(1 -X*)(py = -VxP", + (y + ,
Eq. (2) may be written in the form of a recurrence relation between integrals:
Mn + 1) -(v2 + X)(v2 + X + 1 )]f x'P^P:, dx + 2\(v2 + M) J xx"1p;ip;,_1 dx + X(A -1) J xx~2P^P:, dx (4) = x\(Vl -v2-\)xP"riP"., + ("2 + m)P?,P!,-i ~ (":+ m)P.'.P:,-i + xx"p:,p:,].
In Eq. (4) we may let X = 0, 1, 2, • • • successively and thus obtain J xT;,P;, dx for n -0, 1, 2, • • • (5) provided that none of the denominators in the resulting expressions vanishes. This can be shown to be the case for arbitrary n if Seven additional recurrence formulas for the integrals (5), each also requiring condition (6) , are obtained directly from Eq. (4), from the possible combinations of (a) interchanging the subscripts v, and v2 in the Legendre functions in Eq. (4), and (b) substituting -Vi -1 for f; and noting that P"yi = P-,<-\ , i = 1, 2. It may be noted that if any one of the numbers vx , --1, v2 , -v2 -1, is equal to -yu, then in two of these formulas the second integral in Eq. (4) will not appear and a particularly simple recurrence formula follows. In this case, if -n = or -yt -1 then none of the denominators will vanish, provided
and if -n = v2 or -v2 -1, none of the denominators vanishes provided
the above series terminating in each case with 0 or 1 depending on whether n is even or odd.
A more symmetric recurrence relation for the integrals (5), involving only x~ and xx_1 in the integrand, may be obtained by interchanging vx and v2 in Eq. (4) A similar equation follows upon substituting -c,--1 for v( and noting P",, = P-Vi-\ (i -1, 2), in each term in Eq. (7) . In this latter equation as well as in Eq. (7),. however, the condition that the denominators do not vanish is, for arbitrary n,
rather than (6).
III. Confluent hypergeometric function. As a second example of the type of integral which may be evaluated by this procedure we may choose ) provided that none of the resulting denominators is zero, which will be the case if
Here also, a more symmetric recurrence relation for the integrals (13) 
The integrals (35) and (38) for a = fi2 may be found from the results for a2 fi2 by the use of l'Hospital's rule. They are also expressible in terms of Bessel functions. 
and therefore F0(x) may be expressed as a linear combination of the Bessel functions J0(x) and F0(x).5 Further, from Eqs. (27) and (29), we have upon differentiation with respect to v,
and xF', = -vF, + xF-J,
respectively, and thus by induction Fn{x) may be expressed in terms of Bessel functions for any integer n. Thus for any integer values of /i, v, the integrals (41) may be expressed in terms of Bessel functions, unless m = " = 0 (in which case G0 is involved) and the inequalities (42) are not satisfied (i.e. n = 0, 2, 4, • • -)6. It may also be noted from all this that for arbitrary n, v and regardless of whether or not (42) is satisfied, the integrals (41) may be expressed in terms of the solutions of the inhomogeneous differential equation 6An evaluation for the particular case n = v = 1, 2, 3, .. . and n = 0 is given in Ref. [1] , p. 137, Eq. (6) where it is noted that "no simple formula" seems to exist for the case it = * = n = 0. 
It is worth recalling that in each of the integrals evaluated thus far we may substitute any solution of the differential equation being considered for the particular one that has been chosen here, provided only that the recurrence relation for this other solution is also substituted. Further, in connection with the integrals involving Bessel functions, since the differential equations and recurrence relations satisfied by I, and K, differ trivially from those satisfied by J, , we may also obtain integrals of the form given in (35), (38), (41) and (53) 
'Given in Ref. [1] , p. 136, Eqs. (1) and (2) for n = 0.
'The integrals (54) to (57) are given in Ref. [2] where it is noted that their closed form evaluations seems to have been overlooked in Ref. [4] . Y --E Y<L ,
where the F, are linearly independent solutions of £ c,(
c,(x) = a^z) + sbi{x), It is seen that the idea developed in [A], combined with the extension presented in this paper, constitutes a simple and unified method for the evaluation in closed form of a large number of integrals involving the special functions.
